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UNMIXED AND COHEN–MACAULAY WEIGHTED ORIENTED KO¨NIG
GRAPHS
YURIKO PITONES, ENRIQUE REYES, AND RAFAEL H. VILLARREAL
Abstract. Let D be a weighted oriented graph, whose underlying graph is G, and let I(D)
be its edge ideal. If G has no 3-, 5-, or 7-cycles, or G is Ko¨nig, we characterize when I(D)
is unmixed. If G has no 3- or 5-cycles, or G is Ko¨nig, we characterize when I(D) is Cohen–
Macaulay. We prove that I(D) is unmixed if and only if I(D) is Cohen–Macaulay when G has
girth greater than 7 or G is Ko¨nig and has no 4-cycles.
1. Introduction
Let G = (V (G), E(G)) be a simple graph without isolated vertices with vertex set V (G)
and edge set E(G). A weighted oriented graph D, whose underlying graph is G, is a triplet
(V (D), E(D), w) where V (D) = V (G), E(D) ⊂ V (D)× V (D) such that
E(G) = {{x, y} | (x, y) ∈ E(D)},
|E(D)| = |E(G)|, and w is a weight function w : V (D) → N+. Here N+ denotes the set of
positive integers. The vertex set of D and the edge set of D are V (D) and E(D), respectively.
Sometimes for simplicity we denote these sets by V and E, respectively. The weight of x ∈ V
is w(x) and the set of vertices {x ∈ V | w(x) > 1} is denoted by V +. If V (D) = {x1, . . . , xn},
we can regard each vertex xi as a variable and consider the polynomial ring R = K[x1, . . . , xn]
over a ground field K. The edge ideal of D, introduced in [5, 15], is the ideal of R given by
I(D) := (xix
w(xj)
j : (xi, xj) ∈ E(D)).
If w(x) = 1 for each x ∈ V (D), then I(D) is the usual edge ideal I(G) of the graph G [18],
which has been extensively studied in the literature (see [6, 20] and the references therein). The
motivation to study I(D) comes from coding theory, see [8, p. 536] and [15, p. 1].
In general, edge ideals of weighted oriented graphs are different from edge ideals of edge-
weighted (undirected) graphs defined by Paulsen and Sather-Wagstaff [14]. Consider the weighted
oriented graph D′ = (V,E,w′) with w′(x) = 1 if x is a source vertex (i.e., a vertex with only
outgoing edges) and w′(x) = w(x) if x is not a source vertex. Then, I(D′) = I(D). In view of
this throughout this paper, we will always assume that if x is a source, then w(x) = 1.
The projective dimension, regularity, and algebraic and combinatorial properties of edge ideals
of weighted oriented graphs have been studied in [5, 8, 11, 15, 21, 22]. The first major result
about I(D) is an explicit combinatorial expression of Pitones, Reyes and Toledo [15, Theorem 25]
for the irredundant decomposition of I(D) as a finite intersection of irreducible monomial ideals.
If D is transitive, then Alexander duality holds for I(D) [5, Theorem 4].
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The edge ideal I(D) is unmixed if all its associated primes have the same height and I(D)
is Cohen–Macaulay if R/I(D) is a Cohen–Macaulay ring in the sense of [12]. We say that D is
unmixed (resp. Cohen–Macaulay) if I(D) is unmixed (resp. Cohen–Macaulay). As pointed out
in [8, p. 536], the Cohen–Macaulay property and the unmixed property of I(D) are independent
of the weight we assign to a sink vertex (i.e., a vertex with only incoming edges). For this
reason, we shall always assume—when studying these properties—that sinks have weight 1.
The graph G is well-covered if all maximal stable sets of G have the same cardinality and
the graph G is very well-covered if G is well-covered and |V (G)| = 2τ(G), where τ(G) is the
cardinality of a minimum vertex cover of G. The class of very well-covered graphs contains in
particular the bipartite well-covered graphs studied by Ravindra [17] and more recently revisited
in [19]. One of the properties of very well-covered graphs that will be used in this paper is that
they can be classified using combinatorial properties of a perfect matching as shown by a central
result of Favaron [4, Theorem 1.2] (Theorem 2.16).
The content of this paper is as follows. In Section 2 we present some well-known results
about edge ideals. We denote the in- and out-neighborhood of a vertex a by N−D (a) and N
+
D (a),
respectively, and the neighborhood of a by ND(a) (Definition 2.1).
Let D = (V (D), E(D), w) be a weighted oriented graph without isolated vertices whose
underlying graph is G. The graph G is Ko¨nig if τ(G) is the matching number of G, that is,
the maximum cardinality of a matching of G. In Section 3, we characterize in graph theoretical
terms the unmixed property of I(D) when G is Ko¨nig.
One of our main results is:
Theorem 3.4. If G is Ko¨nig, then I(D) is unmixed if and only if the following conditions hold:
(1) G has a perfect matching P with property (P), that is, G has a perfect matching P such
that if {a, b}, {a′, b′} ∈ E(G), and {b, b′} ∈ P , then {a, a′} ∈ E(G).
(2) If a is a vertex of D with w(a) > 1, b′ ∈ N+D (a), and {b, b
′} ∈ P , then ND(b) ⊂ N
+
D (a).
We also show that conditions (1) and (2) of Theorem 3.4 characterize the unmixed property
of I(D) when G is a graph without 3-, 5-, and 7-cycles (Proposition 3.7). We give other
characterizations of the unmixed property of I(D) when G is a Ko¨nig graph (Corollary 3.6) or
G is very well-covered (Corollary 3.8).
The Cohen–Macaulay property of I(D) is studied in Section 4. We give a combinatorial
characterization of this property when G is Ko¨nig.
Another of our main results is:
Theorem 4.3. If G is Ko¨nig, then I(D) is Cohen–Macaulay if and only if D satisfies the
following two conditions:
(1) G has a perfect matching P with property (P) and G has no 4-cycles with two edges in P .
(2) If a ∈ V (D), w(a) > 1, b′ ∈ N+D (a), and {b, b
′} ∈ P , then ND(b) ⊂ N
+
D (a).
We also show that conditions (1) and (2) of Theorem 4.3 characterize the Cohen–Macaulay
property of I(D) when G is a graph without 3- and 5-cycles (Proposition 4.5). In general any
graded Cohen–Macaulay ideal is unmixed [12]. If G is a Ko¨nig graph without 4-cycles or G has
girth greater than 7, we prove that I(D) is unmixed if and only if I(D) is Cohen–Macaulay
(Corollaries 4.4 and 4.7). For graphs this improves a result of [13, Corollary 2.19] showing
that unmixed Ko¨nig clutters without 3- and 4-cycles are Cohen–Macaulay. If I(D) is Cohen–
Macaulay, then I(D) is unmixed and I(G) is Cohen–Macaulay (see [10, Theorem 2.6] and [15,
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Proposition 51]). The converse is a conjecture [15, Conjecture 53]. We prove this conjecture,
when G has no 3- or 5- cycles, or G is Ko¨nig (Corollary 4.6).
Graphs with a whisker (i.e., pendant edge) attached to each vertex are Ko¨nig [20, p. 277],
very well-covered graphs are also Ko¨nig (Remark 2.17), and bipartite graphs are Ko¨nig and have
no odd cycles [9]. Then some of our results generalize those of [5, 8, 15, 19]. More precisely,
Theorem 3.4 (resp. Theorem 4.3) generalizes the unmixed criteria of [15, Theorem 46] and
[19, Theorem 1.1] (resp. Cohen–Macaulay criterion of [8, Theorem 5.1]) for weighted oriented
bipartite graphs. From Corollary 4.4 and Proposition 4.5, we recover the Cohen–Macaulay
criterion of [5, Theorem 5] for weighted oriented trees. Finally in Section 5, we show some
weighted oriented graphs that exemplify our results.
For all unexplained terminology and additional information, we refer to [1] for the theory of
digraphs, and [6, 20] for the theory of edge ideals and monomial ideals.
2. Preliminaries
In this section we give some definitions and present some well-known results that will be
used in the following sections. To avoid repetitions, we continue to employ the notations and
definitions used in Section 1.
Definition 2.1. Let x be a vertex of a weighted oriented graph D. The sets
N+D (x) := {y ∈ V (D) | (x, y) ∈ E(D)} and N
−
D (x) := {y ∈ V (D) | (y, x) ∈ E(D)}
are called the out-neighborhood and the in-neighborhood of x, respectively. The neighborhood of
x is the set ND(x) := N
+
D (x) ∪N
−
D (x). If A ⊂ V (D), we set N
+
D (A) :=
⋃
a∈AN
+
D (a).
Definition 2.2. A vertex cover C of a weighted oriented graph D is a subset of V (D), such
that if (x, y) ∈ E(D), then x ∈ C or y ∈ C. A vertex cover C of D is minimal if each proper
subset of C is not a vertex cover of D.
If G is the underlying graph of D, then C is a (minimal) vertex cover of G if and only if C is
a (minimal) vertex cover of D.
Definition 2.3. Let C be a vertex cover of a weighted oriented graph D, we define the following
three sets that form a partition of C:
• L1(C) := {x ∈ C | N
+
D (x) ∩ C
c 6= ∅}, where Cc := V (D) \ C,
• L2(C) := {x ∈ C | x /∈ L1(C) and N
−
D (x) ∩ C
c 6= ∅}, and
• L3(C) := C \ (L1(C) ∪ L2(C)).
Lemma 2.4. [15, Proposition 5] Let C be a vertex cover of a weighted oriented graph D and let
x be a vertex in C, then x ∈ L3(C) if and only if ND(x) ⊂ C.
Definition 2.5. A vertex cover C of a weighted oriented graph D is strong if for each x ∈ L3(C)
there is (y, x) ∈ E(D) such that y ∈ L2(C) ∪ L3(C) and y ∈ V
+ (i.e., w(y) > 1).
Theorem 2.6. [15, Theorem 31] Let D be a weighted oriented graph and let G be its underlying
graph. The following conditions are equivalent:
(1) I(D) is unmixed.
(2) All strong vertex covers of D have the same cardinality.
(3) I(G) is unmixed and L3(C) = ∅ for each strong vertex cover C of D.
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Proposition 2.7. [15, Proposition 51] Let D be a weighted oriented graph and let G be its
underlying graph. If I(D) is Cohen–Macaulay, then all strong vertex covers of D are minimal
vertex covers and I(G) is Cohen–Macaulay.
Proposition 2.8. [5, Corollary 6] Let D = (V,E,w) be a weighted oriented graph and let
D′ = (V,E,w′) be the weighted oriented graph with w′(x) = 2 if w(x) ≥ 2 and w′(x) = 1 if
w(x) = 1. Then, I(D) is Cohen–Macaulay if and only if I(D′) is Cohen–Macaulay.
Definition 2.9. The cover number of a graph G, denoted by τ(G), is the cardinality of a
minimum vertex cover of G.
Definition 2.10. A collection of pairwise disjoint edges of a graph G is called a matching . A
matching P = {e1, . . . , eg} is perfect if V (G) =
⋃g
i=1 ei. G is a Ko¨nig graph if τ(G) = ν(G)
where ν(G) is the matching number of G, that is, the maximum cardinality of a matching of G.
Definition 2.11. Let G be a graph, a stable set of G is a subset of V (G) containing no edge of
G. The graph G is well-covered if all maximal stable sets of G have the same cardinality.
Remark 2.12. Let G be a graph. A set of vertices S is a (maximal) stable set of G if and only
if V (G) \ S is a (minimal) vertex cover of G. The edge ideal I(G) is unmixed if and only if all
minimal vertex covers of G have the same cardinality. Then, the edge ideal I(G) is unmixed if
and only if G is well-covered.
Definition 2.13. A graph G is called very well-covered if it is well-covered, has no isolated
vertices, and |V (G)| = 2τ(G).
Definition 2.14. Let P be a perfect matching of a graph G. If {a, a′} is an edge of G for all
{a, b}, {a′, b′} ∈ E(G) and {b, b′} ∈ P , then we say that P satisfies property (P).
Remark 2.15. Let P be a perfect matching of a graph G with property (P). Note that if {b, b′}
is in P and a ∈ V (G), then {a, b} and {a, b′} cannot be both in E(G) because G has no loops.
A bipartite graph G without isolated vertices is unmixed if and only if G has a perfect
matching P that satisfies property (P) [19, Theorem 1.1]. The next result generalizes this fact.
Theorem 2.16. [4, Theorem 1.2] The following conditions are equivalent for a graph G:
(a) G is very well-covered.
(b) G has a perfect matching with the property (P).
(c) G has at least one perfect matching, and each perfect matching of G satisfies (P).
Remark 2.17. If G is a very well-covered graph, then |V (G)| = 2τ(G). Furthermore, by
Theorem 2.16, G has a perfect matching, then 2ν(G) = |V (G)|. Therefore G is a Ko¨nig graph.
Theorem 2.18. ([16, Theorem 5], [13, Lemma 2.3]) Let G be a graph without isolated vertices.
If G is a graph without 3-, 5-, and 7-cycles or G is a Ko¨nig graph, then G is well-covered if and
only if G is very well-covered.
Theorem 2.19. If G is a graph without 3- and 5-cycles or G is a Ko¨nig graph, then the following
conditions are equivalent:
(a) I(G) is Cohen–Macaulay.
(b) If H is a connected component of G, then H is an isolated vertex or H has a perfect matching
P with the property (P) and there are no 4-cycles of H with two edge in P .
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Proof. (a)⇒(b): Let H be a connected component of G which is not an isolated vertex. First
assume that G has no 3- or 5-cycles . According to [18, Lemma 4.1], H is Cohen–Macaulay.
Then, by [2, Theorem 32(d)], H is unmixed, has a perfect matching P = {e1, . . . , eg} with
g = |P | = τ(G), and has no 4-cycles containing two ei’s. Then, H is very well-covered since
|V (G)| = 2τ(G). Therefore, by Theorem 2.16(c), P has property (P). Now assume G is Ko¨nig.
As H is Cohen–Macaulay [18, Lemma 4.1], by [2, Proposition 28(iv)], H is well-covered, has a
perfect matching P with |P | = τ(G), and has no 4-cycles with two edges in P . Then, H is very
well-covered since |V (G)| = 2τ(G). Therefore, by Theorem 2.16(c), P has property (P).
(b)⇒(a): Let H be a connected component of G which is not an isolated vertex. First assume
that G has no 3- or 5-cycles. The graph G is Cohen–Macaulay if and only if all connected
components of G are Cohen–Macaulay [18, Lemma 4.1]. Thus we need only show that H
is Cohen–Macaulay. As H has a perfect matching P with property (P), by Theorem 2.16
and Remark 2.17, H is very well-covered and Ko¨nig. Hence, H satisfies the hypothesis of [2,
Theorem 32(d)], and consequently H is Cohen–Macaulay. Now assume that G is Ko¨nig. As
before, we need only show that H is Cohen–Macaulay. As H has a perfect matching P with
property (P), by Theorem 2.16, H is very well-covered. Hence, H satisfies the hypothesis of [2,
Theorem 28(iv)], and consequently H is Cohen–Macaulay. 
The next lemma was shown in [3, Theorem 2.4] for Cohen–Macaulay bipartite graphs and
was later generalized to Cohen–Macaulay Ko¨nig graphs.
Lemma 2.20. [2, Corollary 29] If G is a Cohen–Macaulay Ko¨nig graph without isolated vertices,
then G has a vertex of degree 1.
3. Unmixed weighted oriented graphs
In this section we classify the unmixed property of a weighted oriented graph D whose un-
derlying graph G is Ko¨nig. Furthermore, we characterize when I(D) is unmixed if G is very
well-covered or G is a graph without 3-, 5- and 7-cycles.
Lemma 3.1. Let G be a very well-covered graph with a perfect matching P . If {a, b1}, {a, b2} ∈
E(G) and {b1, b
′
1}, {b2, b
′
2} ∈ P , then {b
′
1, b
′
2} /∈ E(G).
Proof. By contradiction, suppose {b′1, b
′
2} ∈ E(G). Thus, by (c) in Theorem 2.16, {a, b
′
2} is in
E(G), since {a, b1} is in E(G) and {b1, b
′
1} is in P . A contradiction by Remark 2.15, since {a, b2}
is in E(G) by hypothesis. 
Lemma 3.2. Let G be a very well-covered graph with a perfect matching P . If {a, b} ∈ E(G)
and {b, b′} ∈ P , then NG(b
′) ⊂ NG(a).
Proof. By (c) in Theorem 2.16, if c ∈ NG(b
′), then {c, a} ∈ E(G), since {b, b′} ∈ P . Thus
c ∈ NG(a). Therefore, NG(b
′) ⊂ NG(a). 
Lemma 3.3. Let D be a weighted oriented graph with underlying graph G. Suppose G has a
perfect matching P that satisfies property (P) such that ND(b) ⊂ N
+
D (a) for a ∈ V
+, b′ ∈ N+D (a)
and {b, b′} ∈ P . If {c, c′} ∈ P and c′ ∈ N+D (V
+), then N−D (c) ∩ V
+ = ∅.
Proof. Since c′ ∈ N+D (V
+), there is x ∈ V + such that c′ ∈ N+D (x). Then, as {c, c
′} ∈ P , by
hypothesis ND(c) ⊂ N
+
D (x). We take z ∈ N
−
D (c), then z ∈ ND(c) ⊂ N
+
D (x). This implies
that (x, z) ∈ E(D). Now, if w(z) > 1, then, as c ∈ N+D (z) and {c, c
′} ∈ P , by hypothesis
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ND(c
′) ⊂ N+D (z). But x ∈ ND(c
′), then x ∈ N+D (z), i.e., (z, x) ∈ E(D). This is a contradiction,
since (x, z) ∈ E(D). Consequently, w(z) = 1. Therefore N−D (c) ∩ V
+ = ∅. 
Since the unmixed property of D is closed under connected components, and isolated vertices
are unmixed, in the rest of this section we assume D does not contains isolated vertices.
We come to the main result of this section.
Theorem 3.4. Let D = (V (D), E(D), w) be a weighted oriented graph whose underlying graph
G is Ko¨nig. Then, I(D) is unmixed if and only if D satisfies the following two conditions:
(1) G has a perfect matching P with property (P), that is, G has a perfect matching P such
that if {a, b}, {a′, b′} ∈ E(G), and {b, b′} ∈ P , then {a, a′} ∈ E(G).
(2) If a is a vertex of D with w(a) > 1, b′ ∈ N+D (a), and {b, b
′} ∈ P , then ND(b) ⊂ N
+
D (a).
Proof. ⇒) By Theorem 2.6, I(G) is unmixed. Hence by Remark 2.12 and Theorem 2.18, G
is very well-covered, since G is Ko¨nig. Thus, by Theorem 2.16, G has a perfect matching P
satisfying condition (1). Now, assume a ∈ V +, b′ ∈ N+D (a), and {b, b
′} ∈ P . We set
B := {d ∈ V (G) | there is d′ ∈ N+D (a) such that {d, d
′} ∈ P}.
Note that b ∈ B. By Lemma 3.1, B is a stable set of G. Pick a maximal stable set S of G
such that B ⊂ S. By Remark 2.12, S′ := V (G) \ S is a minimal vertex cover of G. Since G is
very-well covered, one has
|S| = τ(G) =
|V (G)|
2
= |P |.
Hence |S ∩ e| = 1 for each e ∈ P . Consequently, b′ ∈ S′, since b ∈ B ⊂ S and {b, b′} ∈ P .
One has the inclusion N+D (a) ⊂ S
′. Indeed, take d′ ∈ N+D (a). Since P is a perfect matching of
G, there is d ∈ V (G) such that {d, d′} ∈ P . As d ∈ B, we get d ∈ S. Hence d′ /∈ S because S is
a stable set.
We will prove (2) by contradiction. Suppose there is c′ ∈ ND(b) \N
+
D (a). Then, c
′ ∈ S′, since
b ∈ S, {c′, b} ∈ E(G) and S is stable. We set
A := {x′ ∈ V (G) | there is x ∈ ND(c
′) such that {x, x′} ∈ P}, and
C := N+D (a) ∪ND(c
′) ∪ (S′ \A).
By Lemma 3.1, A is a stable set of G; and b′ ∈ A. As P is a perfect matching of G, there is
c ∈ V (G) such that {c, c′} ∈ P . Then c′ ∈ A. Thus, c′ /∈ C, since c′ ∈ S′ and c′ /∈ N+D (a). Now
we take e ∈ E(G), then there is y ∈ e ∩ S′, since S′ is a vertex cover. If y ∈ S′ \A, then y ∈ C.
Now, if y /∈ S′ \ A, then y ∈ S′ ∩ A and there is y′ ∈ ND(c
′) such that {y, y′} ∈ P . Then, by
Lemma 3.2, ND(y) ⊂ ND(c
′). Hence, if e = {y, y1}, then y1 ∈ ND(c
′) ⊂ C. Therefore C is a
vertex cover of G.
Next we show the inclusion L3(C) ⊂ N
+
D (a). Take x
′ ∈ L3(C), i.e., x
′ ∈ C and ND(x
′) ⊂ C
(see Lemma 2.4). If x′ ∈ ND(c
′), then c′ ∈ ND(x
′) ⊂ C and c′ ∈ C, which is impossible since
c′ /∈ C. Now, assume x′ ∈ S′ \ A, then there is {x′, x} ∈ P with x ∈ S, because P is a perfect
matching of G and |S′ ∩ e| = 1 for e ∈ P . Consequently, x /∈ ND(c
′), since x′ /∈ A. Then, x /∈ C,
since x ∈ S and N+D (a) ⊂ S
′. Hence, x′ /∈ L3(C) because x is in ND(x
′) \ C, a contradiction.
Thus, x′ ∈ C \ (ND(c
′) ∪ (S′ \A)) ⊂ N+D (a). This implies L3(C) ⊂ N
+
D (a).
The next step is to prove that C is a strong vertex cover. As {a, b′}, {b, c′} ∈ E(G) and
{b, b′} ∈ P , by condition (1) we get {a, c′} ∈ E(G). Thus, a ∈ ND(c
′) ⊂ C. Also, a /∈ L1(C),
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since N+D (a) ⊂ C. Hence, C is a strong vertex cover, since L3(C) ⊂ N
+
D (a), a ∈ L2(C)∪L3(C),
and w(a) > 1.
Then, by Theorem 2.6 and Remark 2.12, |C| = τ(G) = |P |, since I(D) is unmixed and
G is very well-covered. Then, |C ∩ e| = 1 for e ∈ P . This is a contradiction, since b′, b ∈
N+D (a) ∪ND(c
′) ⊂ C and {b, b′} ∈ P . Therefore, ND(b) ⊂ N
+
D (a) and condition (2) holds.
⇐) By (1) and Theorem 2.16, G is very well-covered. Thus, by Remark 2.12, I(G) is unmixed.
Now, let C be a strong vertex cover of D. Suppose L3(C) 6= ∅, then there is b
′ ∈ L3(C). By
Lemma 2.4, ND(b
′) ⊂ C. Since C is strong, there is a ∈ (V +∩C)\L1(C) such that (a, b
′) ∈ E(D).
Since a /∈ L1(C), we have N
+
D (a) ⊂ C. Furthermore, by (2), ND(b) ⊂ N
+
D (a) where {b, b
′} ∈ P .
Hence, b ∈ C and b ∈ L3(C), since ND(b
′) ∪ ND(b) ⊂ C. By Lemma 3.3, N
−
D (b) ∩ V
+ = ∅
because {b, b′} ∈ P and b′ ∈ ND(b) ⊂ N
+
D (a). This is a contradiction, since C is strong and
b ∈ L3(C). This implies, L3(C) = ∅ for any strong vertex cover C of D. Therefore, by Theorem
2.6, I(D) is unmixed, since I(G) is unmixed. 
Remark 3.5. By the proof of ⇒) in Theorem 3.4, we have that: If I(D) is unmixed and P is
a perfect matching of G with the property (P), then P satisfies (2) of Theorem 3.4.
If G is an unmixed Ko¨nig simple hypergraph without isolated vertices, then G has a perfect
matching P with |P | = τ(G) = ν(G) [13, Lemma 2.3], and G is very well-covered if G is a graph.
The next result gives an analogous version for weighted oriented graphs.
Corollary 3.6. Let D be a weighted oriented graph whose underlying graph G is Ko¨nig. Then
I(D) is unmixed if and only if D satisfies the following two conditions:
(1) G is very well-covered.
(2) If {b, b′} is in a perfect matching P of G, b′ ∈ N+D (a) and w(a) > 1, then ND(b) ⊂ N
+
D (a).
Proof. ⇒) Assume that I(D) is unmixed. Then, by Theorem 3.4(1) and Theorem 2.16, G is
very well-covered, that is conditions (1) holds. That condition (2) holds follows from Remark
3.5 and Theorem 2.16.
⇐) This implication follows using Theorems 3.4 and 2.16. 
The next result shows that Theorem 3.4 also holds when G has no 3-, 5-, or 7-cycles.
Proposition 3.7. Let D be a weighted oriented graph whose underlying graph G has no 3-, 5-,
or 7-cycles. Then I(D) is unmixed if and only if D satisfies the following conditions:
(1) G has a perfect matching P with property (P).
(2) If a ∈ V (D), w(a) > 1, b′ ∈ N+D (a), and {b, b
′} ∈ P , then ND(b) ⊂ N
+
D (a).
Proof. ⇒) By Theorem 2.6, I(G) is unmixed. Thus, by Remark 2.12 and Theorem 2.18, G is
very well-covered. Hence, by Remark 2.17, G is Ko¨nig. Therefore by Theorem 3.4, D satisfies
(1) and (2).
⇐) By (1) and Theorem 2.16, G is very well-covered. Hence, by Remark 2.17, G is Ko¨nig.
Therefore, by Theorem 3.4, D is unmixed. 
Corollary 3.8. If D is a weighted oriented graph whose underlying graph G is very well-covered,
then G has a perfect matching P and the following conditions are equivalents:
(a) I(D) is unmixed.
(b) If a ∈ V (D), w(a) > 1, b′ ∈ N+D (a), and {b, b
′} ∈ P , then ND(b) ⊂ N
+
D (a).
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Proof. By Remark 2.17, G is Ko¨nig. Furthermore, by Theorem 2.16, G has a perfect matching
P with property (P).
(a)⇒ (b): By Remark 3.5, P satisfies (b).
(b)⇒(a): By Theorem 2.16 D satisfies condition (1) of Theorem 3.4. Then, by Theorem 3.4,
I(D) is unmixed, since D satisfies (b). 
4. Cohen–Macaulay weighted oriented graphs
In this section we classify the Cohen–Macaulay property of a weighted oriented graph D
whose underlying graph G is Ko¨nig or G is a graph without 3- and 5-cycles. If G is a Ko¨nig
graph without 4-cycles or G has girth greater than 7, we prove that I(D) is unmixed if and only
if I(D) is Cohen–Macaulay.
Definition 4.1. Let D be a weighted oriented graph and A ⊂ V (D), then D \A is the weighted
oriented graph where V (D \ A) = V (D) \ A, E(D \ A) = {(a, b) ∈ E(D) | {a, b} ∩ A = ∅} and
wD(x) = wD\A(x) for x ∈ V (D \ A).
The following result is well-known. It follows from the depth lemma [20, Lemma 2.3.9].
Proposition 4.2. Let I ⊂ R be a graded ideal and let f be a homogeneous polynomial of R
which is a zero-divisor of R/I(D). The following hold.
(1) If I is unmixed and f /∈ I, then (I : f) is unmixed and ht(I) = ht(I : f) = ht(I, f).
(2) If R/(I, f) and R/(I : f) are Cohen–Macaulay, then R/I is Cohen–Macaulay.
We come to the main result of this section.
Theorem 4.3. Let D = (V (D), E(D), w) be a weighted oriented graph whose underlying graph G
is Ko¨nig. Then, I(D) is Cohen–Macaulay if and only if D satisfies the following two conditions:
(1) G has a perfect matching P such that if {a, b}, {a′, b′} ∈ E(G), and {b, b′} ∈ P , then
{a, a′} ∈ E(G). Furthermore G has no 4-cycles with two edges in P .
(2) If a ∈ V (D), w(a) > 1, b′ ∈ N+D (a), and {b, b
′} ∈ P , then ND(b) ⊂ N
+
D (a).
Proof. ⇒) By Proposition 2.7, I(G) is Cohen–Macaulay. So, by Theorem 2.19, G satisfies (1).
As I(D) is Cohen–Macaulay, I(D) is unmixed. Hence, by Remark 3.5, D satisfies (2).
⇐) By induction on |P |. By Theorem 2.19, I(G) is Cohen–Macaulay. Consequently, by
Lemma 2.20, there is x′ ∈ V (D) such that degD(x
′) = 1. Then, x′ is a source or a sink. Hence
w(x′) = 1. Since P is perfect, there is x ∈ V (D) such that e′ := {x, x′} ∈ P .
One has the equality (I(D), x) = (I(D1), x), whereD1 = D\{x, x
′}. We denote the underlying
graph of D1 by G1. Thus Q1 := P \ {e
′} is a perfect matching of G1 such that, Q1 satisfies (1)
and (2) in D1, since P satisfies them in D. Then, by Theorem 2.16, G1 is very well-covered,
since Q1 satisfies (1). So, by Remark 2.17, G1 is Ko¨nig. Hence, by induction I(D1) is Cohen–
Macaulay. This implies (I(D), x) is Cohen–Macaulay because (I(D), x) = (I(D1), x) and x is
regular modulo I(D1).
Furthermore, the variable x is a zero-divisor of R/I(D), since either xx′ or x′xw(x) is a minimal
generator of I(D). Therefore, by Proposition 4.2(2), to prove that I(D) is Cohen–Macaulay it
suffices to prove that J := (I(D) : x) is Cohen–Macaulay.
For i = 1, 2, we set V i := {z | w(z) = i},
V ′ := N+D (x) ∩ V
1 and V ′′ := N+D (x) ∩ V
2.
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By Proposition 2.8, we may assume V + = V 2 and V (D) = V 1 ∪ V 2. We consider the cases
w(x) = 2 and w(x) = 1. As is seen below in the first case x is a zero-divisor of R/J and in the
second case x is a regular element of R/J .
Case (A): Assume that w(x) = 2. If (x, x′) ∈ E(D), then x′ ∈ N+D (x). So, by (2), one
has ND(x) ⊂ N
+
D (x), since w(x) = 2 and {x
′, x} ∈ P . Thus N−D (x) = ∅, i.e., x is a source.
A contradiction, since x ∈ V +. Then, (x′, x) ∈ E(D) and x′ ∈ N−D (x). So, x
′x2 is a minimal
generator of I(D) and x′x is a minimal generator of J . This implies, x 6∈ J and x is a zero-divisor
of R/J because x2 /∈ I(D) and x′x ∈ J . Hence, by Proposition 4.2(2), we only need to show
that (J : x) and (J, x) are Cohen–Macaulay. We can write J as
(4.1) J = (I(D) : x) = (xN−D (x), V
′, {v2 | v ∈ V ′′}, I(D \A1)),
where A1 = V
′ ∪ {x}, then x′ /∈ A1, since x
′ ∈ N−D (x). Using Eq. (4.1), we get the equalities
(J, x) = (A1, {v
2 | v ∈ V ′′}, I(D \ A1)),(4.2)
(J : x) = (A2 \ {x}, {v
2 | v ∈ V ′′}, I(D \ A2)),(4.3)
where A2 = N
−
D (x) ∪ V
′ ∪ {x}. Note that x′ ∈ A2. Setting Li := ({v
2 | v ∈ V ′′}, I(D \ Ai)) for
i = 1, 2, from Eqs. (4.2) and (4.3) we get
(J, x) = (A1, L1) and (J : x) = (A2 \ {x}, L2).
Hence, we only need to prove that L1 and L2 are Cohen–Macaulay, since A1 and A2 \ {x} are
regular sequences of R/L1 and R/L2, respectively. To show this, we will consider for i = 1, 2
the following auxiliary graphs Hi and Fi.
For i = 1, 2 consider the weighted oriented graph Hi with V (Hi) := V (D \ Ai) and
E(Hi) := E(D \ Ai) \ {(a1, a2) ∈ E(D) | a2 ∈ V
′′}.
Consequently, the elements of V ′′ are sources in Hi and I(Hi) ⊂ I(D \ Ai) for i = 1, 2.
Furthermore, if e ∈ E(D \Ai)\E(Hi), then e = (a1, a2) with a2 ∈ V
′′
implying xe := a1a
w(a2)
2 =
a1a
2
2 ∈ ({v
2 | v ∈ V
′′
}). Hence, I(D \ Ai) ⊂ (I(Hi), {v
2 | v ∈ V ′′}) and we get
(I(Hi), {v
2 | v ∈ V ′′}) ⊂ (I(D \Ai), {v
2 | v ∈ V ′′}) ⊂ (I(Hi), {v
2 | v ∈ V ′′}),
since I(Hi) ⊂ I(D \ Ai). Therefore, Li = (I(Hi), {v
2 | v ∈ V ′′}) for i = 1, 2. Now, setting
Ωi := {a ∈ V (Hi) | {a, a
′} ∈ P with a′ ∈ Ai ∪ V
′′
},
we will prove that Ωi is a set of isolated vertices in Hi for i = 1, 2, that is, NHi(a) = ∅ for
a ∈ Ωi. We take a ∈ Ωi, then there is {a, a′} ∈ P with a′ ∈ Ai ∪ V
′′
⊂ ND(x) ∪ {x}. If a
′ = x,
then a = x′. Thus, a is isolated in Hi, since x ∈ Ai and degD(x
′) = 1. Consequently, we can
assume a′ ∈ ND(x). By contradiction, suppose there is b ∈ V (Hi) such that b ∈ NHi(a). By
(1), b ∈ ND(x), since a
′ ∈ ND(x). So, if i = 2, then b ∈ V
′′
, since b 6∈ A2. Now, if i = 1, then
a′ ∈ (A1 ∪ V
′′
) \ {x} ⊂ N+D (x). Hence, by (2), b ∈ N
+
D (x). But b /∈ A1, then b ∈ V
′′. Thus, in
both cases b ∈ V ′′, that is, x ∈ N−D (b) and w(b) = 2. By definition of E(Hi), (a, b) /∈ E(Hi), since
b ∈ V ′′. Then (b, a) ∈ E(Hi). This implies, a ∈ N
+
D (b) and by (2), we have ND(a
′) ⊂ N+D (b). In
particular, x ∈ N+D (b), since x ∈ ND(a
′). A contradiction, since x ∈ N−D (b). Therefore Ωi is a
set of isolated vertices in Hi.
Note that V
′′
⊂ V (D) \ Ai = V (Hi). We will prove that V
′′ ∩ Ωi = ∅. By contradiction
suppose a ∈ V
′′
∩ Ωi, then a
′ ∈ Ai ∪ V
′′
⊂ ND(x) ∪ {x} where {a, a
′} ∈ P . If a′ = x, then
x′ = a ∈ V
′′
implies (x, x′) ∈ E(D). A contradiction, since (x′, x) ∈ E(D). Consequently,
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a′ ∈ ND(x), but a ∈ V
′′
⊂ ND(x). This is a contradiction by (1). Therefore V
′′
∩ Ωi = ∅ and
V
′′
⊂ V (Hi \ Ωi).
If {a, a′} ∈ P and a′ ∈ V ′′, then a ∈ Ωi and a 6∈ V (Hi \ Ωi). Now, for each v ∈ V
′′ let yv be
a new variable and consider the weighted oriented graph Fi for i = 1, 2, whose vertex set and
edge set are
V (Fi) := V (Hi \ Ωi) ∪ {yv | v ∈ V
′′},
E(Fi) := E(Hi \ Ωi) ∪ {(v, yv) | v ∈ V
′′},
respectively, and whose weight function wi, is given by
wi(u) :=
{
w(u) if u ∈ V (Hi \Ωi) and u /∈ V
′′,
1 if u ∈ V ′′ ∪ {yv| v ∈ V
′′}.
Since Ωi is a set of isolated vertices in Hi, we have E(Fi) = E(Hi) ∪ {(v, yv) | v ∈ V
′′}.
Also, if e1 = (a1, a2) ∈ E(Hi), then a2 6∈ V
′′, by definition of E(Hi). Thus, me1 := a1a
w(a2)
2 =
a1a
wi(a2)
2 ∈ I(Fi). Similarly if e2 ∈ E(Fi) \ {(v, yv) | v ∈ V
′′}, then e2 = (a1, a2) with a2 6∈ V
′′,
implies a1a
wi(a2)
2 = a1a
w(a2)
2 ∈ I(Hi). Consequently,
I(Fi) = (I(Hi), {vyv | v ∈ V
′′}).
Furthermore, Li = (I(Hi), {v
2 | v ∈ V ′′}). Then I(Fi) is a partial polarization of Li obtained
from Li by polarizing all monomials v
2 with v ∈ V ′′, that is, we replace v2 by vyv. Hence, we
only need to prove that I(Fi) is Cohen–Macaulay for i = 1, 2 (cf. [8, p. 555]).
Let Fi be the underlying graph of Fi for i = 1, 2. We will prove that
Pi := (P \ ({e ∈ P | e ∩Ωi 6= ∅} ∪ {e
′})) ∪ {{v, yv} | v ∈ V
′′}
is a perfect matching in Fi, where e
′ = {x, x′}. We suppose e˜ ∈ P \ ({e ∈ P | e∩Ωi 6= ∅} ∪ {e
′})
such that e˜ ∩ V
′′
6= ∅. Thus, e˜ = {a, a′} with a′ ∈ V
′′
. Consequently, a ∈ Ωi, so e˜ ∩ Ωi 6= ∅. A
contradiction, then Pi is a matching, since P is a matching and {yv | v ∈ V
′′
} ∩ V (D) = ∅. So,
to show that Pi is a perfect matching of Fi, we need only show that the following equality holds
V (Fi) := (V (D) \ (Ai ∪ Ωi)) ∪ {yv | v ∈ V
′′} =
⋃
e∈Pi
e.
We take e = {a, a′} ∈ Pi. If e = {v, yv} with v ∈ V
′′
, then e ⊂ V (Fi), since V
′′
⊂ V (Fi).
Now, we assume e ∈ P , then e ∩ Ωi = ∅ and e 6= e
′. Thus, x 6∈ {a, a′} and by (1) we have
|{a, a′} ∩Ai| ≤ 1, since Ai \ {x} ⊂ ND(x). We can assume a 6∈ Ai, then a ∈ V (Hi). But a 6∈ Ωi,
then a′ 6∈ Ai ∪ V
′′
. So, e ∩ Ai = ∅. Hence, e ⊂ V (Fi), since e ∩ Ωi = ∅. Now, to show the
inclusion “ ⊂ ”, we take b ∈ V (Fi). Then, b 6= x, since x ∈ Ai. If b = x′, then x′ ∈ V (Hi).
Consequently, x′ ∈ Ωi, since x ∈ Ai. A contradiction, since b 6∈ Ωi. This implies b 6= x
′. If
b ∈ {yv, v} for some v ∈ V
′′
, then b ∈
⋃
e∈Pi
e. Now, we can assume
b 6∈ V
′′
∪ {yv | v ∈ V
′′} ∪ {x, x′} and b ∈ V (D) \ (Ai ∪ Ωi).
Thus, there is e˜ = {b, b′} ∈ P such that e˜ 6= e′, since P is a perfect matching of D. Hence,
b′ 6∈ Ωi, since b 6∈ V
′′
∪ Ai. Consequently e˜ ∩ Ωi = ∅, since b 6∈ Ωi. Therefore, e˜ ∈ Pi and
b ∈
⋃
e∈Pi
e, since e˜ 6= e′.
Next we show that Pi satisfies (1) and (2) in Fi. Assume that a ∈ V (Fi), {a, b
′} ∈ E(Fi) and
{b, b′} ∈ Pi. We will prove NFi(b) ⊂ NFi(a); furthermore if a ∈ V
+(Fi) and (a, b
′) ∈ E(Fi),
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then we will show NFi(b) ⊂ N
+
Fi
(a). If b = yv, then b
′ = v and
NFi(b) = NFi(yv) = {b
′} ⊂ NFi(a).
Also, if (a, b′) ∈ E(Fi), then NFi(b) = {b
′} ⊂ N+Fi(a). Now, if b ∈ V
′′, then b′ = yb. Conse-
quently, a = b, NFi(b) ⊂ NFi(a) and wi(a) = 1 (i.e. a 6∈ V
+(Fi)), since degFi(yb) = 1 and
a = b ∈ V ′′. Thus, we may assume b ∈ V (D) \ V ′′, then b′ ∈ V (D \ Ai), since Pi is a perfect
matching of Fi. If a = yv, then b
′ = v and b = yv. A contradiction, since b ∈ V (D). Conse-
quently, a ∈ V (D). Furthermore, NFi(b) ⊂ V (Hi \ Ωi) since b 6∈ V
′′. As P satisfies (1) and by
definition of E(Hi), we have
NFi(b) ⊂ ND(b) ∩ V (Hi \ Ωi) ⊂ ND(a) ∩ V (Hi \ Ωi) ⊂ NFi(a) ∪ {a2 ∈ V
′′ | (a, a2) ∈ E(D)}.
Suppose, c ∈ NFi(b) ∩ {a2 ∈ V
′′ | (a, a2) ∈ E(D)}, then (a, c) ∈ E(D) and {c, b} ∈ E(Fi).
But V ′′ is a set of source vertices in Hi and c ∈ V
′′, then (c, b) ∈ E(Fi) ⊂ E(D). Consequently
w(c) > 1 and b ∈ N+D (c). This implies ND(b
′) ⊂ N+D (c), since {b, b
′} ∈ P and D satisfies (2).
Hence, a ∈ ND(b
′) ⊂ N+D (c). A contradiction, since (a, c) ∈ E(D). Therefore
NFi(b) ∩ {a2 ∈ V
′′ | (a, a2) ∈ E(D)} = ∅
and NFi(b) ⊂ NFi(a). Now, if a ∈ V
+(Fi) and (a, b
′) ∈ E(Fi), then a ∈ V
+(D) and (a, b′) ∈
E(D). Thus ND(b) ⊂ N
+
D (a), since P satisfies (2). Hence
NFi(b) ⊂ ND(b) ∩ V (Hi \ Ωi) ⊂ N
+
D (a) ∩ V (Hi \ Ωi) ⊂ N
+
Fi
(a) ∪ {a2 ∈ V
′′ | (a, a2) ∈ E(D)}.
But NFi(b) ∩ {a2 ∈ V
′′ | (a, a2) ∈ E(D)} = ∅, then NFi(b) ⊂ N
+
Fi
(a). Furthermore, Fi has no
4-cycles with two edges in Pi, since D has no 4-cycle with two edges in P and degFi(yv) = 1 for
each v ∈ V ′′. This implies, Pi satisfies (1) and (2) in Fi.
By Theorem 2.16, Fi is very well-covered, since Pi satisfies (1). Then, by Remark 2.17, Fi is
Ko¨nig. Therefore, by induction hypothesis, I(Fi) is Cohen–Macaulay for i = 1, 2.
Case (B): Assume that w(x) = 1. In this case we can write J as
J = (I(D) : x) = (B1, {b
2 | b ∈ V ′′}, I(D \B1)),
where B1 = V
′ ∪ N−D (x). Consequently, x is regular on R/J because x is not in any minimal
monomial generator of J . Then, R/J is Cohen–Macaulay if and only if R/(J, x) is Cohen–
Macaulay. Thus, it suffices to show that (J, x) is Cohen–Macaulay.
Furthermore, (J, x) = (B, {v2 | v ∈ V ′′}, I(D \B)), where B = B1 ∪ {x}. Thus, to prove that
(J, x) is Cohen–Macaulay, it is only necessary to prove that the ideal
L := ({v2 | v ∈ V ′′}, I(D \B))
is Cohen–Macaulay, since B is a regular sequence in R/L. But L = L2 in Case (A), then with
the same arguments on L2, it follows that L is Cohen–Macaulay. 
Corollary 4.4. Let D be a weighted oriented graph, where G is a Ko¨nig graph without 4-cycles.
Hence, I(D) is unmixed if and only if I(D) is Cohen–Macaulay.
Proof. It follows from Theorems 3.4 and 4.3. 
The next result shows that Theorem 4.3 also holds when G has no 3- or 5-cycles.
Proposition 4.5. Let D be a weighted oriented graph without 3- and 5-cycles, then I(D) is
Cohen–Macaulay if and only if D satisfies the following two conditions:
(1) G has a perfect matching P with property (P) and G has no 4-cycles with two edges in P .
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(2) If a ∈ V (D), w(a) > 1, b′ ∈ N+D (a) and {b, b
′} ∈ P , then ND(b) ⊂ N
+
D (a).
Proof. ⇒) By Proposition 2.7, I(G) is Cohen–Macaulay. Thus, by (b) in Theorem 2.19, G is
very well-covered. Hence, by Remark 2.17, G is Ko¨nig. Therefore, by Theorem 4.3, D satisfies
(1) and (2).
⇐) By Theorem 2.16, G is very well-covered, since G satisfies (1). Consequently, by Remark
2.17, G is Ko¨nig. Therefore D is Cohen–Macaulay, by Theorem 4.3. 
The following result proves [15, Conjecture 53], when G is a Ko¨nig graph or G is a graph
without 3- and 5-cycles.
Corollary 4.6. Let D be a weighted oriented graph whose underlying graph G is Ko¨nig or G
has no 3- or 5-cycles. Then I(D) is Cohen–Macaulay if and only if I(D) is unmixed and I(G)
is Cohen–Macaulay.
Proof. ⇒) It follows from Proposition 2.7 and Theorem 2.6.
⇐) By Theorem 2.19, G satisfies (1) of Theorem 4.3. Hence, by Theorem 2.16, G is very
well-covered. Thus, by Remark 2.17, G is Ko¨nig. Consequently, by Remark 3.5, D satisfies (2) of
Theorem 4.3, since I(D) is unmixed. Therefore, by Theorem 4.3, I(D) is Cohen–Macaulay. 
The girth of a graph G is the length of a shortest cycle contained in G. If G does not contain
any cycles, its girth is defined to be infinity.
Corollary 4.7. Let D be a weighted oriented graph such that G has girth greater than 7. Hence,
I(D) is unmixed if and only if I(D) is Cohen–Macaulay.
Proof. It follows from Propositions 3.7 and 4.5. 
5. Examples
Example 5.1. The two weighted oriented graphs depicted in Figure 1 are mixed, and their
underlying graphs are unmixed Ko¨nig graphs with a perfect matching.
x2
x5
x3
x6
x1
x4
1 1
1
1
1 w(x5) > 1
x2
x5
x3
x6
x1
x4
11
w(x1) > 1
w(x2) > 1
1
1
Figure 1. G is an unmixed graph and I(D) is mixed
Example 5.2. The two weighted oriented graphs represented in Figure 2 are unmixed and not
Cohen–Macaulay, and their underlying graphs are Ko¨nig and have a perfect matching.
Example 5.3. The weighted oriented graphD of Figure 3 is Cohen–Macaulay, has an underlying
graph G which is Ko¨nig and has a perfect matching.
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x2
x5
x3
x6
x1
x4
w(x5) > 11
1 1 1
1
x1
x6
x2
x7
x3
x8
x4
x9
x5
x10
1 1 1 1 1
1 1 w(x3) > 1 1 1
Figure 2. I(D) is unmixed and is not Cohen–Macaulay.
x1
x2
x5
x3
x4
x6
x7 x8
w(x1) > 1
w(x2) > 1
1
1
1 1
1
1
Figure 3. I(D) is Cohen–Macaulay
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